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Floquet topological insulators are systems in which the topology emerges out of equilibrium 
when a time periodic perturbation is applied. In these systems one can define quasi-energy states 
which replace the quilibrium stationary states. The system exhibits its non-trivial topology by 
developing edge localized quasi-energy states which lie in a gap of the quasi energy spectrum. These 
states represent a non-equilibrium analogue of the topologically protected edge-states in equilibrium 
topological insulators. In equilibrium these edge-states lead to very specific transport properties, in 
particular the two-terminal conductivity of these systems is 2e^/fe. Here we explore the transport 
properties of the edge-states in a Floquet topological insulator. In stark contrast to the equilibrium 
result, we find that the two terminal conductivity of these edge states is significantly different 
from 2e^//i. This fact notwithstanding, we find that for certain external potential strengths the 
conductivity is smaller than 2e^//i and robust to the effects of disorder and smooth changes to the 
Hamiltonian’s parameters. This robustness is reminiscent of the robustness found in equilibrium 
topological insulators. We provide an intuitive understanding of the reduction of the conductivity in 
terms of scattering by photons. This leads us to consider a previously proposed Floquet sum rule[T] 
which recovers the equilibrium value of 2e^ jh for the conductivity when edge states are present. We 
show that this sum rule holds in our system using both numerical and analytic techniques. 


Introduction .— Over the past decade topological insu¬ 
lators have become well known for their novel transport 
properties. The hallmark of these systems is their lin¬ 
early dispersing, in-gap states. These states correspond 
to counter-propagating, helical edge modes. In a two di¬ 
mensional geometry these edge modes represent one di¬ 
mensional channels and lead to specific transport prop¬ 
erties. 

One example is a two-terminal device, where a source 
and drain are attached to the left and right of a sam¬ 
ple and a bias voltage is applied across these terminals. 
The conductivity for the Fermi energy placed in the gap 
(where the edge states live) is cr = 2e^/h[2Hl!- In a six- 
terminal, or Hall-bar, geometry specific values of multi¬ 
terminal resistances are expected [2H1] and these resis¬ 
tances are unique to counter-propagating, helical edge 
modes. 

Although the number of confirmed topological insula¬ 
tors is ever increasing, materials with the correct physical 
parameters to support this state of matter are hard to 
come by. This has led many authors to consider ways in 
which to drive a material without any topological prop¬ 
erties into a topological state. When a time-periodic po¬ 
tential is used to accomplish this task the resulting non¬ 
equilibrium topological state is called a Floquet topolog¬ 
ical insulator. 

The field of Floquet topological insulators (and Flo¬ 
quet topological superconductors) has produced many 
interesting results of lateO [5H12]- The introduction of 
a time-periodic potential into the system breaks contin¬ 
uous time-translational invariance and so one must dis¬ 
pense with the notion of an energy spectrum. A time- 
periodic field does have discrete time-translational invari¬ 
ance and therefore one has the ability to define an analo¬ 


gous concept called the “quasi-energy” spectrum [23]. In 
Floquet topological insulators one uses an externally ap¬ 
plied time-periodic field of carefully chosen parameters to 
drive the system into its topological phase. The topology 
is manifest in linearly dispersing, in-gap, edge modes can 
be created in the quasi-energy spectrum. Such a system 
then represents a non-equilibrium analogue of topological 
insulators, but with the added flexibility of am external 
periodic potential. 

In this Letter we have studied the transport proper¬ 
ties of Floquet edge-states. Our goal is to test weather 
transport through the edge modes of a two dimensional 
Floquet topological insulator is quantized and robust as 
in the case of equilibrium topological insulators. We fo¬ 
cus on a two-terminal geometry, although our results and 
the intuition developed here readily generalizes to other 
geometries. In general we find that the two-terminal con¬ 
ductivity of the Floquet edge-states is significantly dif¬ 
ferent from the typical equilibrium value of 2e^//i and 
can be either larger or smaller than this distinctive value 
depending on how the strength of the external field is 
tuned. 

The main results of this Letter may be summarized 
as follows. The existence of quasi-energy edge states in 
the Floquet topological insulator is accompanied by a 
conductivity of cr < 2e^//i, when the chemical potential 
lies in the quasi-energy gap. In addition, the value of 
2e^/h is obtained as a sum rule when the conductivity is 
summed over all ‘side bands’, i.e, over all energies which 
differ from a particular energy in the gap by an integer 
number of photon energies. Physically, the result a < 
2e^//i for non-equilibrium edge states corresponds to the 
presence of photons inhibiting access to the topologically 
protected edge states of the system. 
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Moreover, in regions where the conductivity is smaller 
than 2e^//i, we find that the calculated values are ro¬ 
bust to the effects of disorder, system size and (smooth) 
changes to the system Hamiltonian. Such behavior is 
reminiscent of topologically protected edge states in equi¬ 
librium topological insulators and we indeed find that for 
the external potential strengths where we see this robust¬ 
ness there exist linearly dispersing, in-gap edge states in 
the quasi-energy spectrum. In regions where the conduc¬ 
tivity is larger than 2e^//i no robustness exists and the 
gap is closed, hence we are probing bulk effects. 

The reduction of the topologically protected conduc¬ 
tivity away from 2e^/h can be intuitively understood by 
borrowing some machinery from the field of photon as¬ 
sisted tunneling (PAT). Namely, an electron that would 
normally tunnel into the edge-states of the system has a 
finite probability of absorbing/emitting a photon and be¬ 
ing scattered out of the edge state. From the viewpoint of 
quasi-energy states this comes from understanding that 
the definite energy states of the leads do not perfectly 
overlap with the quasi-energy states of the Floquet topo¬ 
logical insulator|15j. The heuristic description in terms 
of scattering of electrons by photons can be applied to 
observe a so-called “Floquet sum rule”[T]. In short, the 
sum rule recovers all of the conductivity lost from PAT 
by summing over lead energies separated by photon en¬ 
ergies IiH, H being the frequency of the driving field. We 
have confirmed this sum rule using both numerics and an 
approximate analytic approach. 

Model. — Our model Hamiltonian is that of a quan¬ 
tum well heterostructure P] irradiated by linearly polar¬ 
ized light and subjected to a disorder potential. It is 
given as follows 

= E*L ("‘o'*’ H-A o)*'■ - 

where i/'k is a four component creation operator for elec¬ 
trons at momenta k in angular momentum state mj = 
(1/2, 3/2,—1/2,—3/2) and ipj is its Fourier transform. 
The first term above is the Hamiltonian of the clean, 
irradiated heterostructure and we have used IF(k) = 
ekO’o+d(k)-cr-|-2(V-cr) cos Hi. The second term takes into 
account disorder. We have used the standard definitions 
d(k) = {Asmka;,Asmky,M — AB + 2B{coskx + cosky)) 
and Ck = C — 2D{2 — coskx — cosky) and draw the 
{wi} randomly from an evenly distributed sample be¬ 
tween —W/2 and kF/2. 

Following Lindner and coworkers [5], we set C = D — 0, 
A = B — 0.2|M| and set \M\ = 1 throughout {i.e. all en¬ 
ergies are in units of |M|). To simulate a trivial system we 
set M = —1 so that sgn{M/B) = — IplI^. Furthermore, 
we take V = Vextz for concreteness. The system outlined 
above is similar to the system studied in Ref. P3] with 
the important distinction that here we focus on the triv¬ 
ial region of parameter space. We also note that in this 


system the existence of the Floquet topological insulat¬ 
ing state relies crucially on band-mixing that comes from 
the periodic perturbation being on-resonance^, i.e. the 
quantity HU, connects different parts of the band struc¬ 
ture. This is in contrast to other systems, for example 
graphene [S HTUl E5] . where the Floquet topological insula¬ 
tor can be driven using an off-resonant perturbation[25) . 

Our understanding relies primarily on Floquet 
statespS]. Floquet states are the extension of station¬ 
ary states to time-periodic systems. In a time-periodic 
system one deals with (Floquet) states that solve the 
Schrodinger equation and are characterized by a definite 
quasi-energy. These states are traditionally written as 
IV'r;(0) = which leads to the eigenvalue 

equation {H{t) — ihdt) \4>fj{t)) = fj\(j)fj{t)) where H{t) is 
the full Hamiltonian of the system, fj are the quasi¬ 
energies and = |(/^j(t)). We note that if |<(>ij(t)) 

is an eigenstate with quasi-energy fj, then e*^‘|(/ij(t)) is 
also an eigenstate but with quasi-energy fj HU,. There¬ 
fore the quasi-energy spectrum is only unique up to inte¬ 
ger multiples of HQ,, his allows us to define a “Brillouin 
zone” for the quasi-energies, we will call this the Floquet 
zone. For this work we consider 0 < rj < Hfl, we will 
use the convention rj to denote quasi-energies confined to 
this zone. This reflects the fact that energy in a time pe¬ 
riodic system is only conserved modulo Hfl, an electron 
in a quasi-energy state \cj)ri{t)) can always absorb or emit 
a photon. 

Two Terminal Conductivity. — Let us begin with our 
results for the two-terminal conductivity of this system. 
We calculate the conductivity numerically using Floquet- 
Landauer theory pTl [25] . In this two-terminal setup we 
consider the leads to be kept at a voltage such that the 
Fermi level of both leads, which we will refer to as the 
lead energy, takes a value E. We study the differential 
conductivity at a lead energy oi E = Tl/2 which is where 
the edge states are expected to be found [5]. Referring 
to our results in Fig. [l}r we see that, with the exception 
of a small area near V^xt = 0.3|M|, the two-terminal 
conductivity generally decreases with Vext in the range 
of parameters considered. We note that nowhere do we 
see a saturation to a value of cr = 2e^//i, nor any other 
constant value. This fact notwithstanding, our results 
do have the striking feature that after a certain value of 
V/xt the conductivity becomes insensitive to the effects 
of disorder; in that region all of the curves overlap. In 
Fig. [go we see that in this same region our results are 
insensitive to system length L and to the parameter F 
which describes the strength of the coupling to the leads. 
Thus we note our first result, for some values of Vext the 
calculated conductivity is robust in the same way as for 
an equilibrium topological insulator. 

The robustness in the conductivity coexists with the 
presence of edge-states in the quasi-energy spectrum. To 
show this we consider the system in the absence of leads 
and in a cylindrical geometry. The quasi-energy for our 
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FIG. 1: Two terminal conductivity for different external po¬ 
tential strengths in units of /h. The left shows the conduc¬ 
tivity at i? = f2/2 in a two terminal set up as a function of 
external potential strength for various disorder strengths. On 
the right is the conductivity for various values of the system 
size, L, and the lead coupling parameter F. 



FIG. 2: Quasi-energy spectrum of a trivial sample at different 
driving amplitudes. The top plot is for = 0.1|M|, the 
middle V^xt = 0.3|M|, and the bottom V^^xt = 0.9|M|. 

model appears in Fig. for several values of the external 
potential strength Vext- For small driving strength the 
gap remains closed, but as the strength is increased the 
gap opens up leaving linearly dispersing states. Further 
inspection of these states reveals that they reside on the 
edge of the system]^ . In general we have found that when 
this gap is open and large enough to withstand the effects 
of disorder or coupling to the leads, the value calculated 
for the conductivity is robust in the same sense as edge 
states in a topological insulator. 

Photon Inhibited Transport and Floquet Sum Rule .— 
Thus far we have shown that when this system plays 
host to edge states the conductivity we find appears to 
be topologically robust. We now address the question of 


why it does not have the hallmark value of 2e^//i. For 
this we further generalize a technique inspired by photon- 
assisted tunnelling |261 [27] and used in Ref. [24]. In this 
work it was shown that for a topological heterostructure 
the presence of an external time-periodic field reduces 
the conductivity away from 2e^/h. This reduction and 
other subsequent non-trivial results can be accounted for 
by understanding that the external potential not only 
“dresses” the quantum well Hamiltonian, but also splits 
this dressed system into side-bands pSl \T7] . The splitting 
means that the edge states of the system are only pop¬ 
ulated probabilistically, accounting for the reduction in 
the standard transport quantities. The specific applica¬ 
tion of Ref. [24] relied crucially on the driving potential 
being off-resonance, i.e. that it did not mix portions 
of the equilibrium band structure. The current system 
requires on-resonance light in order to drive the system 
into a topological state. In spite of this, our results are 
conducive to a similar interpretation in that we see topo¬ 
logically robust results in Fig. that are different from 
2e^ jh. 

To put this discussion on more general grounds we ap¬ 
peal to Floquet theory. As discussed previously, in a 
time-periodic system the states of interest are the steady 
state solutions \i^^{t)) = where t] is the 

quasi-energy and {H{t) — ihdt) \(l)jj{t)) = r]\cj)^{t)). For 
periodic dependence in t we are free to define the follow¬ 
ing decomposition 

= ( 2 ) 

n 

In the literature the states are commonly called 

sideband states [28] and are determined as solutions to 
the eigenvalue equation ^n,Tn\4>m) = (b + nhn)\(j)n) 
where Hn,m = ^ 

We now calculate the time-averaged expectation value 
of the energy in the steady state Itpr^it)} which we define 
as E = ^ dt('tpxi(t)lH(t)l^.,^(t)). Using the side-band 

decomposition in equation ([^ and the fact that lip,j(t)) 
solves the Schrodingier equation immediately gives 

E = '^(rj-l-hnn)((f>„\(/>n} (3) 

n 

Noting that ((/)„|(^„) > 0 and = 1 (the latter 

property follows from the normalization of |(^e(t))) al¬ 
lows us to interpret the above average as follows. In the 
quantum state |'0j)(t)) the energies r/ -j- hfln occur with 
probability {(j)n\(l>n)- 

We now tie the above statistical interpretation to our 
observations of the transport in the Floquet topologi¬ 
cal insulators. For the system of interest one can cal¬ 
culate the appropriate quasi-energies 0 < rj < hfl and 
their corresponding wave functions \(f>n{t)), these are the 
steady states of our sample. Now, when electrons from 
the lead are injected into the system at some definite 
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energy E, as opposed to an equilibrium case, only a por¬ 
tion of the sample state overlaps with the definite en¬ 
ergy lead statefH]. Physically, we envision this in terms 
of electrons being able to absorb or emit photons once 
they enter the sample. For lead electrons at an energy 
E = rj+Nhfl there is only a probability ((/'Ar|^f)Ar) that the 
electron will absorb/emit enough photons to access the 
sample state with quasi energy 77 . This quasi-energy spec¬ 
trum may contain topologically protected edge states [TH- 
m- Now, when we try to access these states from a 
charge transport point of view we can only access the 
state at a certain probability, because of the possibility 
to absorb/emit photons. Therefore expected signatures 
of these edge states, e.g. a = 2 e^/h conductance, are 
probabilistically suppressed. 

Note that this argument does not rely on the periodic 
perturbation being on or off resonance, it is simply a 
consequence of the discrete time-translational invariance. 
Therefore, when one is dealing with Floquet edge-states 
it should be kept in mind that the weight of these edge 
states is distributed into sidebands as discussed above. 
Indeed in the current system one can approximately ob¬ 
tain a description of the conductivity at the specific lead 
energies E + nMl (where the edge-states live). Quoting 
only the result here [29] 

X d{E, 14,0 ( 4 ) 

where the relevant energy E is chosen to be in the vicin¬ 
ity of Ml/2 where the localized quasi-energy states ap¬ 
pear. a{E,Vext) is a complicated function of the model 
parameters and, interestingly, cannot be thought of as 
the conductivity of some effective static system. We find 
numerically that d'{E,Vext) — 2.e^/h when edge-states 
are present in the quasi-energy spectrum. The impor¬ 
tant implication of the above formula is that the conduc¬ 
tivity can be thought of as an overall probabilistic factor 
times a conductivity of the underlying system. The above 
approximate result compares very well to our numerical 
calculations. A plot of this function appears in Fig. [^. 

With the intuition for why the conductivity is sup¬ 
pressed in Floquet topological edge-states, let us move on 
to present results for how the value of 2e^/h can be recov¬ 
ered. In short, by setting lead energies at Ml/2 + nMl we 
should be able to recollect the lost statistical weight from 
the photon scattering. Towards this end we consider the 
quantity [ 1 ] 

a{E) = a{E + nMl) = a{E, Vext)- (5) 

n 

We calculate a{E ~ il/2) for various different values of 
Vext and also at different disorder strengths. Our results 
are presented in Fig. What we see is quite satisfying: 
for a window of Vext values we see that a = 2e^/h. More¬ 
over, this window of Vext values corresponds to the same 



FIG. 3: Results for disorder averaged summed conductivity, 
i.e. Eq. (|^ in the text, with M = — 1 and A = 0/2 and 
in units oi? jh. The inset shows a zoomed in picture of the 
first area of conductivity quantization. The disorder plots 
are constructed by averaging over 40 randomly drawn collec¬ 
tion of disorder potentials while the error bars represent one 
standard deviation of this data. Note some error bars in the 
insets are too small to see. This data has been obtained from 
a calculation on a 20 x 20 lattice. 


parameter regime where there are in-gap quasi-energy 
edge states, and insensitivity of the system to disorder, 
system size and other parameters in Figs. Si 

We understand the plot in Fig.j^as follows. For smaller 
Vext tbe external field is not strong enough to open a gap 
and “expose” the edge states. Therefore the conduction a 
is a result of bulk processes and thus sensitive to disorder 
strength. As Vext gets large enough to open a sufficiently 
stable gap the edge states appear in this gap and are 
unobscured by bulk states. Here we see a — 2e^/h and 
an insensitivity to disorder strength. Eventually Vext be¬ 
comes so strong that the gap closes again and bulk states 
dominate. In this case a(Ml/2) > 2e^/h representing 
bulk conductivity. When the gap opens again at a larger 
external potential we see a reversion back to ct = 2 e^//i. 

Conclusions. —We have explored the transport proper¬ 
ties of Floquet topological edge-states in a quantum well 
heterostructure. At first we took a numerical approach 
which showed that in the presence of Floquet edge states 
in the quasi-energy spectrum the two-terminal conductiv¬ 
ity is topologically robust, albeit not quantized to 2e^/h. 

To explain the reduction of the two-terminal conduc¬ 
tivity compared to the equilibrium value of 2e^/h we ap¬ 
pealed to an intuitive description in terms of electrons 
being scattered by photons. This picture consists of view¬ 
ing the Floquet edge states in the quasi-energy spectrum 
as having their weight distributed into side-bands of en¬ 
ergies 77 + nMl. The result of this side-band distribution 
is that as we attempt to inject an electron from a lead at 
some energy E there is a certain probability that it will 
absorb/emit enough photons to find the Floquet edge 
state. 

The heuristic picture in terms of scattering by photons 
motivated us to propose a means to salvage the equilib¬ 
rium conductivity of 2e^/h. This can be done using a 
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recently proposed Floquet sum rule[T], which in our for¬ 
malism has a natural interpretation. In our picture the 
topological Floquet states represent a superposition of 
states in various side bands. The different coefficients 
in the superposition {(j)n\4'ri) determine the overlap. Our 
Floquet edge states nicely obey this sum rule showing a 
value of CT = 2e^//i is found when the external field is 
such that edge states in the quasi-energy spectrum exist. 
Moreover, the result a = 2e^//i is robust to disorder even 
up to very large disorder strengths. 
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